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a b s t r a c t

A practical two-stage method for optimising an acoustic liner divided into axial

segments for aeroengine broadband noise is presented. The principles are explained

The second stage determines the optimum axial segment lengths and the optimum

permutation of segments along the duct by evaluating the fully scattered acoustic field.

This method is deployed to optimise an absorber for a broadband source noise of

bandwidth 900 Hz–1.8 kHz. The axial order of the segments is found to have a dramatic

influence on the optimum axial segment lengths. In the case study, comparisons with

optimised uniform liners over this frequency range demonstrate only a small noise

reduction. A simple optimisation that neglects scattering between axial segments

significantly overestimates the available attenuation and provides a poor estimate of

the optimum segment lengths.

Crown Copyright & 2010 Published by Elsevier Ltd. All rights reserved.
1. Introduction

The continuous exponential growth of the air transport industry has led to sustained pressure on aeroengine
manufacturers to reduce propulsion noise. The most apparent trend in civil turbofan engines has been the shift to larger
bypass ratios primarily to reduce jet noise. Larger fan designs have focused more attention on blade noise with fan
rearward broadband noise now emerging as one of the principal aircraft noise sources. A large proportion of the recent
progress in noise suppression has been as a result of acoustic linings meaning the optimisation of the absorbers has
become a critical part of the design process. In addition to the traditional porous facing sheet and resonant cavity acoustic
liner, a number of other novel concepts have started to arise [1–10]. Perhaps the most fruitful of these is the ‘zero splice’
technology that will come into service in the near future [11]. The ‘zero splice’ refers to the absence of the periodic joints
around the liner circumference that are usually present to facilitate manufacture and installation of the assembly. This
technology is designed to avoid scattering between different azimuthal acoustic modes. In particular, to prevent scattering
into lower azimuthal modes that are harder to absorb and therefore degrade the performance of the liner.

Elsewhere, it has been suggested that attenuation could be improved by increasing the scattering. The aptly named
‘checkerboard’ liner concept contains a large number of periodic discontinuities in both the radial and axial directions.
Mani [12] and Howe [13] have suggested that a synergy of axial and radial discontinuities might be the best means of
increasing attenuation. Clearly, one of the major challenges with such a system is the number of unknown variables. Aside
010 Published by Elsevier Ltd. All rights reserved.
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from the impedance of the individual segments, one has also to consider the segment widths, lengths and the periodicity of
the system. Watson et al. [10] have taken some initial design steps by deploying Finite Element methods in conjunction
with a genetic optimisation algorithm on a rectangular sectioned duct. The results are encouraging and are due to be
validated experimentally. However, as yet any application to aeroengine acoustic treatment is still a long way off.

As much of the focus has been on inlet noise where the length of the lined duct upstream of the fan is relatively short,
less interest has been directed towards axial discontinuities. Lansing and Zorumski [14,15] were the first to publish
research on this topic. Baumeister [16] and Tsai [17] reported that the first axial segment acts as a favourable scatterer for
attenuation in later segments. However, the former suggested that significant advantages would only be available in low
frequency single mode applications. More recently, McAlpine et al. [7] used a mode-matching technique based on the
Galerkin method of weighted residuals [18]. An attenuation increase of 25 dB was predicted for the rotor-alone tone when
using a two-segment inlet liner instead of a uniform one. Conventional fan designs contain a moderate number of blades
leading to the associated tonal noise being represented as a small number of Tyler–Sofrin modes [19]. The forward-
propagating rotor-alone pressure field that becomes cut-on at high power settings is frequently composed of a single
disturbance of high azimuthal order. Axial scattering here will inevitably improve performance by transferring energy into
higher cut-off radial modes.

The picture is less clear for multimode broadband sources. For these, scattering may transfer energy into both higher
and lower order radial modes. In principle, one should be able to improve the attenuation bandwidth of the entire system
by having a series of different axial segments ‘tuned’ to absorb a variety of frequencies. If the axial length and segment
sequence is chosen carefully, there could be additional attenuation benefits from the scattering at segment interfaces.
Law [20] has demonstrated that significant broadband noise benefits can exist for a concept aeroengine design with a large
surface area available for lining. Conversely Lafronza et al. [21] have been unable to find much benefit when optimising a
two segment inlet liner for broadband noise unless only a small number of modes are cut-on. In a contemporary setting,
the complexities of the design and potential benefits are severely offset by the associated cost and manufacturing
difficulties. In this paper, the authors wish to present a practical optimisation approach for such a system. A three segment
liner will be designed to mitigate a broadband source. Optimisation will take place in two discrete stages. Firstly, individual
segment material properties are considered in isolation. Axial segment lengths are then chosen whilst the segment
sequence is also selected to maximise any benefits due to interface scattering. The final performance will then
be compared with equivalent uniform absorbers and an approximation where the scattering at the segment interfaces
is ignored.

2. Segmented liner model

2.1. Model development

A cylindrical system consisting of three axially spaced acoustic liner segments of total length LT will be considered as
shown in Fig. 1. At either end, lengths L1 and L5 of unlined or ‘rigid’ duct have been included to facilitate the analysis. This
effectively increases the number of segments to five. In each segment, the flow is assumed to be inviscid and may be
decomposed into a uniform mean flow with axial mean flow, Mx, and a small perturbation harmonic in time. The external
wall is of radius a and the dth segment begins at axial position x=x0

d. The specific acoustic impedances, ZA, ZB and ZC, have
been identified using letter subscripts to emphasise that the sequence of liner segments will be modified. Hence, the
impedances do not correspond to the lined segment lengths L2, L3 and L4. The acoustic pressure field in segment d referred
to here as pd satisfies the convected wave equation
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Fig. 1. Segmented liner optimisation model.
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The familiar solution in a cylindrical coordinate system ðr,y,xÞ where pd ¼ p̂
d
expðiotÞ consists of a modal expansion of

upstream (�) and downstream (+) travelling disturbances that is convenient to express as

p̂
d
ðr,y,xÞ ¼

X1
m ¼ �1

X1
n ¼ 1

p̂
dþ
nm þ p̂

d�
nm ¼

X1
m ¼ �1

X1
n ¼ 1

e�imy½Adþ
mn expð�ikdþ

x,mnðx�xd
0ÞÞJmðk

dþ
r,mnrÞþAd�

mnexpð�ikd�
x,mnðx�xdþ1

0 ÞÞJmðk
d�
r,mnrÞ�:

(2)

Here, m and n are the azimuthal and radial modes, kx and kr are wavenumbers in the axial and radial directions and Jm

denotes the m th-order Bessel function of the first kind. For example, kx,mn
d� represents the upstream propagating axial

wavenumber for mode (m,n) in segment d. Complex modal amplitude coefficients are set at either the upstream end of a
segment for downstream propagating modes or the downstream end for upstream propagating modes. That is Amn

d+ are
defined at axial position x¼ xd

0 and Amn
d� are defined at x=x0

d +1. The reason for this additional layer of complexity will
become apparent later when discussing the mode matching formulation. In a uniform axial mean flow, Eq. (2) satisfies the
convected wave equation if the axial and radial wavenumbers are related to the free space wavenumber, k¼o=c, by the
dispersion relationship

kd7
x,mn ¼

�kMx7
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2�ð1�M2

x Þðk
d7
r,mnÞ

2
q

1�M2
x

: (3)

In a rigid walled duct, the boundary condition at either wall is zero radial pressure gradient. The radial wavenumbers
will then satisfy J

0

m(kr,mna)=0. The prime denotes differentiation with respect to the argument and the solutions are readily
available. The 7 superscripts have been dropped to recognise that an upstream propagating mode will have the same
radial wavenumber as the downstream one under rigid wall conditions. This set of solutions for kr,mn are denoted kmn. At a
fixed frequency, in a rigid walled duct, only a finite number of modes can propagate inside the duct and transmit acoustic
power. All other modes are referred to as cut-off and transmit no acoustic power. The cut-off ratio, zmn is defined as

zmn ¼
k

kmn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�M2

x

p : (4)

Under these conditions, Eq. (3) may be rewritten in terms of zmn as

kd7
x,mn ¼

�kMx7k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�ð1=zmnÞ

2
q

1�M2
x

: (5)

Hence zmn controls the sign of the square root. Mode (m,n) propagates inside the duct or is cut-on if zmn41, otherwise it
is cut-off and physically acceptable solutions indicate modes that decay exponentially along the duct. For each azimuthal
mode order m, the radial modes are ordered in terms of decreasing cut-off ratio, i.e. zm14zm24zm3 . . . . This is equivalent
to ordering in terms of increasing kmn. Radial modes n4nm,c are cut-off, the m subscript indicates that this is a function of
azimuthal mode number. For a particular value of m, the number of cut-on radial modes rapidly decreases as jmj-1.
Therefore, azimuthal orders jmj4mc contain no propagating radial modes and are also cut-off. The correct linearised
boundary condition for a general locally reacting geometry assuming an infinitely thin vortex sheet was derived by Myers
[22]. In the case of a straight axisymmetric duct with a uniform axial inviscid flow, this expression reduces to continuity of
particle displacement at the duct wall where r=a. This condition is defined by Eq. (6) where the segment superscripts d

have been temporarily omitted to improve clarity

@p̂
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¼�

ik
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Mxk7
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� �2
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7
mn: (6)

The normalised acoustic wall impedance is represented by Z. From Eq. (6), the eigenvalue equation can be derived by
inserting the expression for acoustic pressure from Eq. (2)

½mZþ ikað1�Mxk7
x,mn=kÞ2�Jmðk

7
r,mnaÞ�k7

r,mnaZJmþ1ðk
7
r,mnaÞ ¼ 0: (7)

As the non-rigid or lined radial wavenumbers that are sought tend to remain close to the real axis, these modes will be
ordered based on the equivalent rigid wall wavenumbers. The solutions to Eq. (7) can be obtained using Newton–Raphson
iteration departing from the rigid wall solutions using a continuation method where the continuation parameter is the
impedance. The method is similar to one described by Eversman [23] and more details can be found in Ref. [20] if desired.

The eigenvalue problem is solved in non-dimensional form where the duct radius, a, and sound speed, c, are used to
normalise the input variables. In the case study that will be investigated in due course, a = 0.60 m and c = 364 ms�1, the
flow has an axial Mach number of 0.47 and a total lined duct length, LT, of two duct diameters, 2D or 4a. The values are
representative of those that could be present in the exhaust flow of a contemporary turbofan engine during take-off.
Determination of suitable impedance values will be considered in Section 3.
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2.2. Source noise definition

A broadband noise spectrum across a frequency band that ranges from 0.9 to 1.8 kHz will be considered. The spectrum
will be modelled as a series of multimode calculations at the twenty three 1/24th octave centre frequencies that exist
between the limits specified. The acoustic power level (PWL) spectrum against which to optimise the liner design is shown
in Fig. 2. The spectrum is representative of that produced by the fan during take-off. All PWL values are referenced to
1�10�12 W.

The acoustic power associated with any particular mode is given by integrating the axial intensity or acoustic power per
unit area, I7x , over the duct cross-sectional area

W 7
mn ¼ 2p

Z a

0
I7x,mnr dr: (8)

An expression for the modal acoustic intensity in the presence of a mean flow has been given by Morfey as Eq. (16) in
Ref. [24]. This can be expressed as

I7x,mn ¼
p7

mn

�� ��2
2rc

½ð1þM2
x ÞRefZ7

mngþMxð1þjZ7
mnj

2Þ�, (9)

Z7
mn ¼

k7
x,mna

ka�Mxk7
x,mna

: (10)

In the case of the rigid wall, the orthogonality of the mode shapes allows individual modal powers to be added directly
to determine overall power. This dramatically simplifies the allocation of incident modal amplitudes. The following result
is obtained by evaluating Eq. (8) analytically

W 7
mn ¼

pa2

2rc
jA7

mnj
2½ð1þM2

x ÞRefZ7
mngþMxð1þjZ7

mnj
2Þ� 1�

m

kmna

� �2
" #

jJmðkmnaÞj2: (11)

This will also become useful for allocating appropriate modal amplitudes. In this investigation, the commonly made
assumption of equal power per incident cut-on mode will be made to model all broadband sources. In addition, all modes
will be initialised with equal phase. Lafronza et al. [21] have demonstrated that the phasing between modes has only a
small effect on the transmitted power for multimode calculations such as this.

Later, it will become instructive to consider the transfer of acoustic energy between modes as the disturbances
propagate downstream. As the propagation is through a series of lined walls, the radial modes are no longer orthogonal.
This means that the analytical solution of Eq. (11) is not valid and modal powers cannot be summed within lined ducts. The
evaluation of acoustic intensity for multiple modes now contains a series of cross-terms that may be of significant
magnitude depending on the phasing of the modes. At this point, the contributions of individual modes to the overall
energy flow rate becomes ambiguous. The approach taken here is to split the contribution from a cross-term equally
between the two modes involved. This leads to an expression for the modal intensity, which ensures that the summation
over Nm radial mode energies gives the correct total power. If one observes that the modal axial velocity u7

x,mn ¼ Z7
mnp7

mn
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then the modal intensity can be rewritten as Eq. (12) where � denotes the complex conjugate

I7mn ¼
1

4rc
Re

XNm

i ¼ 1

ð1þM2
x Þ½ðp

7
mnÞ
�u7

x,miþðp
7
mi Þ
�u7

x,mn�þMx½ðp
7
mnÞ
�p7
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7
mi Þ
�p7

mnþðu
7
x,mnÞ

�u7
x,miþðu

7
x,miÞ

�u7
x,mn�

( )
: (12)

This expression will be revisited in Section 5.2.

3. Segment optimisation

The first stage in the optimisation is to choose the material properties of the three segments. For a single layer liner
(see Fig. 3), there are a number of material parameters to vary. The most influential ones are the facing sheet porosity
(porosity defined as the fractional surface area occupied by the holes) and the backing cell depth. Others such as facing sheet
thickness and perforate hole diameter will typically improve by being reduced and are therefore set by material and
manufacturing restrictions rather than performance estimates. As a result, all other values have been set to existing industry
designs (thickness: 0.56 mm, hole diameter: 1.40 mm) and only changes in the main two are considered. To compute the
eigenvalues in Eq. (7), values of Z are required rather than material properties. This necessitates a liner impedance model.
The finer details of the liner impedance model used are not central to this paper and as such are not given here. The
interested reader is directed towards Refs. [20,25,26] for suitable techniques to extract impedance values from liner
dimensions. The impedance values extracted from the model are semi-empirical and are primarily a function of frequency,
axial Mach number, facing sheet thickness, porosity, perforate hole diameter and backing cell depth. The liner backing depth
has the strongest influence on setting the frequency of peak attenuation (and liner reactance). Using simple standing wave
principles, one would expect optimum cell depth to be close to a quarter of the wavelength of the incident sound.

The liner resistance is largely dictated by the facing sheet porosity and crucially is independent of the cell depth. Hence,
a cell depth may be chosen and the porosity adjusted to maximise performance at the peak attenuation frequency. For this
investigation, a final design is sought that will provide good attenuation across the whole band 0.9–1.8 kHz. Therefore,
cell depth
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facing sheet
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Fig. 3. Conventional single layer liner design.
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backing depths are chosen to provide good attenuation at the three third octave centre frequencies, 1, 1.25 and 1.6 kHz.
These are 84.4, 66.1 and 50.2 mm, respectively. For an absorber with axial length equal to the duct diameter, D, PWL
attenuation assuming equal incident power per mode can be estimated using Eq. (13) where the summation is over all
cut-on modes

D¼
Pmc

m ¼ �mc
nm,cPmc

m ¼ �mc

Pnm,c

n ¼ 1 expð2 Imðkþx,mnDÞÞ
: (13)

This can be used as a metric for choosing an appropriate facing sheet porosity. If Eq. (13) is evaluated at the chosen
backing depths for the specified duct conditions, the variation with facing sheet porosity in Fig. 4 can be obtained. A simple
routine can then be executed to determine the optimum values. The corresponding porosity values obtained from the
impedance model are 12.06 percent (84.4 mm), 11.60 percent (66.1 mm) and 11.22 percent (50.2 mm). These segment
designs will be referred to as A, B and C from now on. The porosity values compare well with porosities of liners currently
in service. Using these parameters, impedance values for each segment at each frequency have been computed and are
plotted in the Appendix to this paper.

4. Axial length optimisation

4.1. Mode matching formulation

Unlike individual segment optimisation, choosing the axial lengths of each segment has to account for the incident
pressure field and the effects of acoustic scattering at each segment interface. Forming a metric requires a means of
estimating the attenuation provided by the sequence of three segments (plus rigid ends) axially spaced along a duct. The
chosen approach is based on the work of McAlpine et al. [7]. At each interface, the aim is to match the acoustic pressure
and axial velocity, ux, across the entire cross-section using the method of weighted residuals [18].

As the system has rotational symmetry, there is no scattering between azimuthal modes and therefore each azimuthal
mode can be considered separately. If the harmonic pressure field for azimuthal mode m is truncated to a suitable number
of radial modes, Nm, it can be expressed as

p̂
d
mðr,y,xÞ ¼ e�imy

XNm

n ¼ 1

½Adþ
mn expð�ikdþ

x,mnðx�xd
0ÞÞJmðk

dþ
r,mnrÞþAd�

mnexpð�ikd�
x,mnðx�xdþ1

0 ÞÞJmðk
d�
r,mnrÞ�: (14)

The two sets of Nm equations to be solved at a liner interface, d, are given byZ a

0
rJmðkmnrÞ½p̂

dþ1
m ðr,y,xþd Þ�p̂

d
mðr,y,x�d Þ�dr¼ 0, (15)

Z a

0
rJmðkmnrÞ½û

dþ1
x,m ðr,y,xþd Þ�û

d
x,mðr,y,x�d Þ�dr¼ 0: (16)

The weighting terms at the front of the integration rJmðkmnrÞ are the rigid wall eigenfunctions. These terms are included
so that the integral can be evaluated analytically speeding up the solution time. In addition, orthogonality can be exploited
in any rigid wall sections. The plus and minus sign superscripts on xd indicate that the pressure and velocity solutions in
the dth duct are being matched immediately downstream and upstream of the liner junction.

The relationship between acoustic pressure and axial velocity is derived from the acoustic axial momentum equation
where Z7

nm was defined in Eq. (10)

û
7
x,mn ¼

Z7
mnp̂

7
mn

rc
: (17)

4.2. Mode matching matrices

The solution method involves the creation of four transfer matrices, one for each interface. It is convenient to express
the match at the dth interface between segment d and d+1 for the chosen azimuthal order as the matrix equation

(18)

Modes on the left hand side are travelling away from the interface and modes on the right hand side are travelling
towards the interface. Eq. (18) consists of a 2Nm�2Nm transfer matrix, Td, and corresponding decay matrix, Dd, a diagonal
matrix of the same size. The definition of the modal amplitudes, Amn

d7 , at the segment interface locations rather than
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the origin has greatly simplified the formulation here. The amplitude matrices, Am
d , consist of an Nm�1 vector with

the nth entry corresponding to radial mode n. The decay matrices describe the decay over the length of the segment
and so convert the amplitudes at one end of the segment to those at the other. The matrix entries are defined here
for each segment

(19)

Each matrix quadrant represents a square matrix, size Nm�Nm. Each element (i,j) of ad7 and bd7 is defined below.
As before, kmn denotes the value of the radial wavenumber kd7

r,mn under rigid wall conditions

ad7
ij ¼

Z a

0
rJmðkmirÞJmðk

d7
r,mjrÞdr, (20)

bd7
ij ¼

kd7
x,mja

7
d,ij

k�Mxkd7
x,mj

: (21)

The integral in Eq. (20) can be evaluated analytically

ad7
ij ¼

a

k2
mi�ðk

d7
r,mjÞ

2
fkmiJmþ1ðkmiaÞJmðk

d7
r,mjaÞ�kd7

r,mjJmðkmiaÞJmþ1ðk
d7
r,mjaÞg: (22)

For the rigid sections, the computation can take advantage of the orthogonality relationship of the Bessel functions for
further simplification

ad7
ij ¼

a2

2
1�

m

kmia

� �2
" #

J2
mi kmiað Þ if i¼ j,

0 if iaj:

8>><
>>: (23)

In the plane wave case, kmn ¼ 0 and the limiting value of Eq. (23) when i= j becomes 1
2 a2. The non-zero entries of the

diagonal matrix Dd are defined as Eq. (24) where Ld is the axial length of the dth segment

Dd
ii ¼

exp½�iLdkdþ
x,mi�, i¼ 1,2, . . . ,Nm,

exp½�iLdþ1kðdþ1Þ�
x,mi �, i¼Nmþ1, . . . ,2Nm:

8<
: (24)

4.3. Computation and boundary conditions

The boundary condition at the inlet is the input noise field defined in Section 2.2. To simplify matters, the boundary
condition at the downstream end of the duct is assumed to be anechoic. It would be straightforward to incorporate a
reflection coefficient into the model if desired.

The specification of upstream and downstream boundary conditions together with Eqs. (15) and (16) leads to 8Nm

equations and the same number of unknown coefficients. Hence, at frequencies with a large number of radial modes, the
matrix equations can become very large and a direct matrix solver is likely to be very time-consuming. A more intelligent
solution scheme involves an iterative marching procedure proposed by Cummings [27]. In general, the eigenvalues in each
liner segment will not vary drastically from the rigid wall values and consequently from one other. As a result, all
amplitudes are initialised to zero except Amn

1 + (a reflective downstream boundary condition would also result in Amn
5� being

non-zero). Eq. (18) is evaluated once to obtain estimates for the values on the left hand side at each interface in turn.
Updated values are inserted into subsequent interface calculations as they become available. Once there is no appreciable
change in all amplitudes, the system has converged. This will typically require one second of CPU time per azimuthal order
on a standard desktop PC. Convergence for the matches between rigid end sections and adjacent segments is slightly more
difficult to achieve. This is due to the radial eigenvalues on one side of the match having no imaginary component. A quick
and simple remedy is to add a small imaginary part and converge to an intermediate solution. This can then be used to
re-converge to the desired solution. The entire scheme has been found to be incredibly robust for realistic liner parameters
and during extensive testing has not been known to fail.

4.4. Radial mode truncation error

Clearly, since there is an infinite number of radial modes for each value of m, it becomes necessary to truncate the
number appropriately to derive an acceptable solution. McAlpine et al. [7] have suggested that if there are less than five
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radial modes cut-on, a total of 20 radial modes appears sufficient. The highest frequency considered here results in the
propagation of up to seven radial modes (this is for m=0 at 1750 Hz). Thus to ensure that the results are reliable, 30
additional cut-off modes have been included for each calculation performed irrespective of the frequency. An estimate of
the quality of the match can be determined by evaluating a mean squared error function, dd

m, defined in

dd
m ¼

R a
0 jp̂

dþ1
m ðr,y,xþd Þ�p̂

d
mðr,y,x�d Þj

2 drR a
0 jp̂

dþ1
m ðr,y,xþd Þj

2 dr
: (25)

Fig. 5 shows how the accuracy improves at x=x0
2 when more cut-off modes are included for a selection of azimuthal

mode numbers at 1 kHz using the original segment sequence. A pressure match corresponding to m=2 with 30 cut-off
modes is also displayed.

4.5. Comparison with no scatter prediction

The mode matching formulation above provides a relatively quick way of computing the fully scattered acoustic field.
It is possible to compute an approximation by neglecting the interface scattering between segments. This is achieved by
assuming that there is no reflection and that the squared amplitude of the downstream propagating modes is only
modified by the modal decay rate in each segment. Thus, the modal power is reduced in each segment by a factor of
exp½2 Imðkqþ

x,mnLqÞ� and the squared amplitude that reaches the downstream rigid segment can be estimated using

jA5þ
mn j

2 ¼ jA1þ
mn j

2
Y4

q ¼ 2

exp½2 Imðkqþ
x,mnLqÞ�: (26)

This is in line with methods used elsewhere [28,29]. The total residual power in a rigid duct is then computed in the
familiar way using Eq. (11) and summing the modal contributions. Clearly, using a model such as this means that the
segment order becomes unimportant as the only effect of the segment ordering is to change the scattering at each axial
interface.

5. Segment length optimisation

5.1. Results

The impedances of the three liner segments have already been defined, which in turn fixes the eigenvalues. In fact, the
only remaining independent parameters are the axial lengths, L2, L3 and L4 of the segments. Given that the total duct length
has also been fixed, this number is further reduced to two. Hence, for a given sequence of segments, a simple optimisation
routine can be executed to determine the lengths that minimise the overall residual power level integrated over the entire
frequency band. This requires approximately 30 minutes of processing time on a desktop PC using the matlab optimisation
gradient method fmincon. There is no immediately obvious way to optimise the sequence, so all six segment
permutations will be evaluated separately. The results are summarised in Table 1 and the match error function dd

m was
monitored throughout. The same optimisation framework was used to compute the no scatter result, however the
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Table 1
Optimum lengths for each segment order and corresponding metric.

Sequence Optimum segment length–diameter ratio Metric value (dB)

A B C

A B C 0.7519 0.0000 1.2481 130.71

A C B 0.7437 0.0882 1.1680 130.69

B A C 0.4766 0.2618 1.2616 130.49

B C A 0.0000 0.8825 1.1175 131.01

C A B 0.3011 1.4475 0.2514 130.94

C B A 0.0000 1.7813 0.2187 131.15

No scatter 0.1165 0.7094 1.1741 126.90

Table 2
Uniform liner comparison.

Uniform liner Metric value (dB)

A 132.70

B 131.37

C 131.53
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computation time required for this is of the order of one minute and there is no need to evaluate the six different segment
permutations (Table 2).

In order to ensure that the true optimum has been found for each set of segment orders, six contour plots of residual
PWL have been constructed (Fig. 6). To facilitate comparison between plots, the length–diameter ratios of segments A and
B have been maintained as the vertical and horizontal axes, respectively, as have the contour limits for the metric. The
values in the corners correspond to the results for uniform liners, i.e. the top left corner is a uniform segment A liner,
bottom right hand corner is a uniform segment B liner and the origin is a uniform segment C liner.

The immediate observation is that the variation across all results is relatively small, 2.2 dB between the best and the worst
system. The position of the optimum changes substantially across the six contour plots, which suggests that the permutation of
the segments is a significant variable when attempting this type of calculation. If the segment lengths are adjusted to the
optimum ones for each permutation, the variation in the metric across all six can be reduced to 0.66 dB. The overall optimum
design occurs for segment sequence B A C where the value of the metric is 130.49 dB. For this system the performance across
the whole frequency spectrum has been plotted in Fig. 7 alongside the performance of the three uniform liners. Clearly liner A
alone is not well suited to the problem, however liner B can provide a large amount of the performance of the optimum design.
The no scatter result provides an overestimate of the available attenuation from the three segments with rigid ends (3.59 dB
compared to the optimum design). Therefore, at these frequencies, one may conclude that scattering has a detrimental effect on
the acoustic performance. The optimum segment lengths also bear little resemblance to any of the other results.
5.2. Modal energy analysis

Further interrogation of the results shows that substantial performance improvements have not been achieved here
because of the definition of the source noise. Even at the lowest frequency there are several radial modes cut-on. Thus
scattering at each interface may transfer acoustic energy into both lower order and higher order radial modes. Unfortunately,
it appears that scattering into lower order radial modes (that are normally less well attenuated by the liners) is at least as
efficient if not more so than scattering into higher order radial modes. The comparison with the no scatter result (where the
attenuation prediction increases if you ignore the scattering) also supports this observation. For example, consider Fig. 8. This
shows the residual PWL in the downstream propagating radial modes upstream (�) and downstream (+) of each segment
interface at 1.6 kHz for the optimum segmented liner. This was computed using Eq. (12) and the duct inlet and outlet are
represented by 0 and 5, respectively. What one observes here is indicative of the general situation. There are instances when
the scattering is beneficial (in this case, at interface 2) and energy is scattered into faster decaying modes. However, there are
also instances where the opposite is true (in this case, interface 4). Hence, when there is energy in a large number of cut-on
modes any beneficial effects due to scattering will most likely be cancelled out, especially over shorter distances.

These findings are consistent with those of Law [20] and Lafronza et al. [21] who have suggested that appreciable
benefits for broadband noise are more likely to be achievable at lower frequencies where a segmented liner would also be
able to outperform a no scatter prediction. For this reason, a uniform liner across this bandwidth can provide the majority
of the performance benefits here. It seems performance could be improved relative to a uniform absorber if a wider
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Fig. 6. Residual PWL contour plots showing optimum segment lengths for each segment order. (a) Segment order A B C. (b) Segment order A C B.

(c) Segment order B A C. (d) Segment order B C A. (e) Segment order C A B. (f) Segment order C B A.
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bandwidth was considered. The frequencies then become further away from the peak absorption frequency of the uniform
absorber (the principal reason why liner A performs less well).

Finally, although overall attenuation has not been improved substantially, neither has it suffered from the additional
scattering. One might dispute this with reference to the no scatter result, however this result is not achievable as the scattering
from the rigid ends will always be present. Therefore, it is possible that broadband performance could be maintained whilst
improving the attenuation of a tone where the majority of the acoustic energy was in the first radial mode. The inevitable
scattering of the tone into higher order radial modes would then most likely improve overall liner performance.
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6. Conclusion

In this paper, a practical straightforward method to optimise an axially segmented liner for broadband noise
attenuation has been presented. This has been used to investigate the potential benefits of such an absorber compared to a
uniform liner. The design considered consisted of three segments and a broadband source spectrum between 900 Hz and
1.8 kHz. Acoustic mode matching at the segment interfaces was completed using the method of weighted residuals. The
main observation was that the segmented design could only provide a small improvement over an optimised uniform liner
(0.88 dB further reduction in acoustic power attenuation). During the investigation, the sequence of the liner segments was
also varied. The segment sequence had a dramatic effect on the axial length of each segment required. Comparable overall
performance could be achieved with each permutation but the axial lengths had to be substantially readjusted. Variation in
optimum acoustic power attenuation across all sequences was then 0.66 dB.

It is suggested that to see higher performance benefits on broadband noise with an axially segmented liner, the acoustic
energy should be concentrated in fewer radial modes. This would be the case at lower frequencies and then the energy
scattered into higher radial modes would be more highly attenuated. This conclusion is supported by a crude optimisation
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Fig. 9. Specific acoustic impedance values, Z, vs. frequency for each liner segment. (a) Specific acoustic resistance. (b) Specific acoustic reactance.
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which ignores all scattering and subsequently overpredicts the available attenuation from the system. Furthermore, these
results also demonstrate that the inter-segment scattering cannot be neglected for an accurate prediction of the optimum
segment lengths and permutation. As broadband noise appears not to be adversely affected by the presence of scattering at
segment interfaces, there is the potential for improving tonal attenuation with segmented liners whilst maintaining
broadband performance. Finally, a design containing segments with greater impedance variations would increase interface
scattering. Investigating such a system over a larger frequency bandwidth might also generate attenuation improvements.
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Appendix A. Liner segment impedance values

This appendix provides plots of the impedance values used for each of the three liner segments at each frequency
(Fig. 9).
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